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Abstract. In this paper we present two models for reasoning about
strategic actions in opinion diffusion. In both models a set of agents
are endowed with goals expressed compactly in a suitably defined
language of Linear Temporal Logic, and are connected in an influ-
ence network which defines the underlying opinion diffusion pro-
cess. The first model works under complete information, with agents
deciding on whether to exert their influence or retain from it. In the
second model agents can disclose or keep their opinion tacit, and by
doing so they participate to the opinion diffusion process, or abstain
from it. We give bounds for the computational complexity of strate-
gic reasoning in both settings.

1 Introduction
We want to model a community in which agents can influence other
agents. Namely, if agent i has influencing power over another agent
j, then she can exert it by overtly expressing her opinions or pub-
licly acting in a certain way, thereby influencing agent j’s opinions
and behaviors.3 We take the notion of influencing power as primitive,
without decomposing it at a finer-grained level. Indeed, in the social
reality, there are multiple factors that determine whether an agent has
influencing power over another. One component is trust, which pos-
itively correlates with influencing power: the higher the trust agent
j has in agent i’s judgment, the higher the power of agent i to in-
fluence agent j’s opinions by disclosing hers. Another component is
social tie [25, 6]: agent i can influence agent j in case j possesses
a certain level of social proximity with i.4 The existence of a social
tie between two individuals has been shown to play a fundamental
role in the diffusion of opinions [25] and innovations [35], imitation
[19], behavioral contagion [18] and social learning [8]. For instance,
according to social learning theory, human agents are more willing
to learn from socially similar agents with whom they can identify
more easily (e.g., pop stars, sports personalities, business magnates,
etc.) and who are socially closer to them (e.g., parents or friends).
As emphasized in innovation diffusion theory, “. . . an obvious prin-
ciple of human communication is that the transfer of ideas occurs
most frequently between two individuals who are alike, similar, or
homophilous. Homophily is the degree to which pairs of individuals
who interact are similar in certain attributes, such as beliefs, educa-
tion, social status, and the like” [35, p. 18].

1 This paper is a summary of a longer journal article currently under review,
revising and expanding previous work by the authors [23]. Some results, as
well as most proofs and figures are omitted in the interest of space.
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3 See [32] for a logical formalization of different varieties of social power,
including influencing power.

4 According to Granovetter’s theory, the strength of a social tie between two
individuals is determined by multiple parameters including the amount of
time, the emotional intensity, the intimacy (mutual confiding), and the re-
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Our model works under two general assumptions. First, the influ-
encing power relationships between agents are dichotomous: i.e., we
do not specify an agent i’s degree of power over another agent j, but
we only say whether agent i has influencing power over j. Secondly,
the graph describing the agents’ influencing power relationships is
static and does not change through interaction.

The strategic aspect of influence is a central aspect of the model.
Agents in the community have individual goals that they try to
achieve by deciding either to overtly express their opinions or to let
them tacit. An agent can use her influencing power over others and,
more generally, the structure of the influencing power graph for her
own sake. For example, suppose agent i has influencing power over
agent j and agent j has influencing power over agent z. Then, i may
decide to overtly express her opinion in order to induce j to adopt it,
or she may let her opinion tacit in order to prevent j from changing
his current opinion. Furthermore, i may decide to affect j’s opinions
in order to indirectly affect z’s opinions, given the influence relation-
ship between j and z. We present two variants of our model, under
complete and incomplete information. In the complete information
variant, it is assumed that both overtly expressed and tacit opinions
of agents are common knowledge. Nonetheless, since tacit opinions
have no influence force, an agent can only exert her power over the
others by explicitly declaring her opinions. The following example
illustrates this variant of the model.

Example 1. Jesse has three kids: Ann, Bob and Cathy. Ann is the
oldest, Bob is the youngest and Cathy is the one in the middle. Ann
is strongly admired by her brother Bob, thereby having an influenc-
ing power over him (i.e., Bob is usually influenced by what her sis-
ter says). The family has to decide whether to go to the cinema or
to make an excursion to the countryside. Jesse asks the kids what
they would like to do. If they unanimously agree on the same option,
then this option will be chosen. In case an agreement is not reached,
the default option will be to go to the cinema, which is what Jesse
prefers. Each kid can decide either to abstain or to participate in
the vote by declaring her/his preference.5 It is common knowledge
in the family that Jesse and Bob tacitly prefer the cinema, while Ann
and Cathy tacitly prefer the excursion. Nonetheless, according to the
rule of the game, if a kid does not explicitly says what she/he prefers,
her/his preference will not count. In this situation, Ann should ex-
plicitly declare her preference to be sure that her goal of making an
excursion will be achieved. Otherwise, Jesse’s preference of going to
the cinema will possibly prevail. In other words, choosing to explic-
itly declare her preference is for Ann a winning strategy relative to
her goal of making an excursion. In fact, by participating in the vote,
she will shape Bob’s preference such that an unanimous agreement

5 For the sake of simplicity, we assume that an expressed preference is a
special kind of expressed opinion about the goodness (or desirability) of a
given option.



to make an excursion will necessarily be reached.6

Ann BobCathy

Jesse

Figure 1. An influence network in which Ann, Cathy, and Bob have a
shared influence on Jesse (in case of unanimous choice), and Ann has a

direct influence on Bob.

In the incomplete information variant of the model, an agent’s
tacit opinions are epistemically inaccessible to the others: i.e., if an
agent does not reveal her opinions, the others will be uncertain about
them. In the incomplete information variant of the previous example,
Ann would be uncertain about Cathy’s preference before Cathy has
publicly revealed it. Consequently, Ann does not know whether, by
choosing to explicitly declare her preference, an unanimous agree-
ment to make an excursion will necessarily be reached. In particular,
there is no uniform strategy for Ann such that Ann knows that, by
choosing it, she will achieve her goal — where an agent’s uniform
strategy is a strategy that assigns the same choices in states that
are epistemically indistinguishable to the agent [43, 38, 30]. How-
ever, Ann knows that the choice of explicitly declaring her opinions
(weakly) dominates the choice of abstaining from participating in the
vote: i.e., she knows that for any possible choice of Bob and Cathy, if
she achieves her goal by choosing abstention, she will also achieve
it by choosing to participate in the vote.

Our contribution. The definition of our two models of strategic
opinion diffusion with complete and incomplete information is pre-
sented in Section 2. The models are based on two central notions: that
of tacit opinions and of visibility of an opinion, which entail a dis-
tinction between tacit and expressed opinions of the agents. The dif-
fusion of opinions is unanimous, with an agent changing her opinion
if all visible ones of her neighbors contrast with her own. This forms
the basic brick of a state-transition model where agents are able to
control the accessibility of their opinions towards the satisfaction of
their goals, expressed in a logical language based on Linear Tem-
poral Logic. In Section 3 we give the definition of influence games,
and we introduce game-theoretic concepts adapted to our imperfect
information model (perfect-recall and memory-less uniform strate-
gies), as well as solution concepts that take into consideration the
epistemic aspect of one agent’s goal satisfaction (subjective winning
and weak-dominant strategies, and subjective Nash equilibrium). We
then move to the study of the computational complexity of finding
game-theoretic solutions for games of influence, both under com-
plete and incomplete information, in Section 4. Our findings show
that the problem of recognising if a given strategy profile is a (sub-
jective) Nash equilibrium reduces to the satisfaction of Linear Tem-
poral Logic formulas, and thus can be solved in polynomial space.
All other tasks we consider are significantly harder, and we give up-
per bounds above exponential time. Section 5 concludes the paper.

6 We suppose that, although Bob knows Ann’s tacit preference, he will not be
affected by it unless Ann makes it explicit by participating in the vote.

Related work. There exist several contributions on the logical rep-
resentation of the dynamics of opinion. Seligman et al. [41] propose a
”Facebook logic”, mixing propositional dynamic logic and dynamic
epistemic logic; it aims at representing how messages circulate over
a social network and the associated impact: how agents gain infor-
mation and how the network changes. The main difference with our
work is that the logic does not consider how agents aggregate incom-
ing information. The strategic aspect of diffusion is also not taken
into consideration. Ghosh and Vélazquez-Quesada [21] show how
consensus may be reached among a set of agents when influencing
each other; an important difference with Facebook logic is the opin-
ion type which are preferences and the aggregation procedure which
is represented as preference change methods. However, no strategic
aspect is consider in the influence process. Our work is also close to
that of Christoff et al. [15, 16] which adopt a similar approach with
the above mentioned contribution: embedding in logic the dynamics
of opinion. The authors propose a sound and complete axiomatisa-
tion for reasoning about diffusion represented by model transforma-
tion. The latter may be viewed as an aggregation step; however the
model cannot distinguish different kinds of opinion.

Our work draws inspiration from psychological studies on group
pressure, informal social communication and influence from major-
ity groups to minorities [5, 20, 34]. Problems close to opinion diffu-
sion are those of information cascades, which have been given formal
treatment in a logical setting (see, e.g., [36, 7])

Our model of opinion diffusion is inspired by a recent stream of
papers that aims at conceiving diffusion models for structured in-
formation, being it belief sets [39, 40], preferences [12], or multiple
binary issues [24, 11]. These papers base the diffusion rule on ag-
gregation procedures imported from the theory of belief merging,
voting, or judgment aggregation. For an analysis on the relation with
classical models of diffusion such as the De Groot or Lehrer-Wagner
model [17, 31] and threshold models [26] we refer to the discus-
sion in the cited works. Our influence games can be considered as
a variation of iterated boolean games [27] — which have recently
been extended with a social network structure where agents choose
actions depending on the actions of their neighbors [42].

This paper builds on our previous work in which we worked un-
der the assumption of complete information [23]. In complementary
work, we studied similar models at a higher perspective, that of con-
current game structures in which the control of boolean variables
is shared among sets of agents: we showed that the computational
complexity of strategic reasoning is left unchanged with respect to
structures with exclusive propositional control [10]. Such structures
are used to interpret formulas of Alternating-time Temporal Logic
[1], a temporal logic that can be used to reason about strategic as-
pects of iterated games. Similarly, Strategy Logic [33] is a formalism
allowing to express the existence of solution concepts, such as Nash
equilibria, in iterated games.

2 Opinion diffusion
In this section we take inspiration from the framework of proposi-
tional opinion diffusion [24], to introduce our model where agents’
tacit and expressed opinions are separated by a notion of visibility.
We then adapt the diffusion process to this more complex setting.

2.1 Tacit and expressed opinions
Let I = {p1, . . . , pm} be a finite set of propositions, or issues, and
N = {1, . . . , n} a finite set of individuals, or agents. Agents have



opinions on issues in I in the form of a propositional evaluation
(equivalently, a binary vector):

Definition 1. The tacit opinion of agent i is a function Bi : I →
{1, 0} where Bi(p) = 1 and Bi(p) = 0 express, respectively, the
agent’s opinion that p is true and the agent’s opinion that p is false.

Let B = (B1, . . . , Bn) denote the profile of tacit opinions of
agents in N . Propositional evaluations can be used to represent bal-
lots in multiple referenda, expressions of preference over alterna-
tives, or judgments over correlated issues [14, 22]. Depending on
the application at hand, an integrity constraint is introduced to model
correlation among the issues. For the sake of simplicity we do not in-
troduce here any such constraint (see the recent literature on opinion
diffusion with constraints [24, 39, 11]).

Each agent has the possibility of declaring her tacit opinion on
each issue:

Definition 2. The visibility function of agent i a map Vi : I →
{1, 0} where Vi(p) = 1 expresses that agent i’s opinion on p is
visible.

We denote by V = (V1, . . . , Vn) the profile composed of the
agents’ visibility functions. By combining the tacit opinion with the
visibility function of an agent, we can build her expressed opinion as
a three-valued function on the issues.

Definition 3. Let Bi be the opinion of agent i and Vi her visibility
function. The expressed opinion of i is a function Pi : I → {1, 0, ?}
such that

Pi(p) =

{
Bi(p) if Vi(p) = 1

? if Vi(p) = 0

Again, P = (P1, . . . , Pn) is the profile of expressed opinions of
all the agents in N . We denote by PC the restriction of expressed
profile P to individuals in C ⊆ N .

2.2 Unanimous opinion diffusion
Our definition of influence process is based on the model of propo-
sitional opinion diffusion proposed by Grandi et al. [24], adapted to
take into account the visibility function. Firstly, agents are linked by
an influence network, modeled as a directed graph:

Definition 4. We call an influence network a directed irreflexive
graph E ⊆ N × N , where (i, j) ∈ E reads “agent j is influenced
by agent i”.

We also refer to E as the influence graph and to individuals in N
as the nodes of the graph. Let Inf (i) = {k ∈ N | (k, i) ∈ E} be
the set of influencers of agent i in the network E. As the graph is
irreflexive, i 6∈ Inf (i) for any i ∈ N .

Given a profile of expressed opinions and an influence network,
we model the process of opinion diffusion by means of an aggrega-
tion function, which shapes the tacit opinion of an agent from the
expressed opinions of other agents.

Definition 5. An aggregation procedure for agent i is a class of func-
tions

Fi,C : {0, 1}I × {0, 1, ?}I×C −→ {0, 1}I for all C ⊆ N \ {i}

that maps agent i’s tacit opinion and the expressed opinions of a set
of agents C to agent i’s tacit opinion.

We drop C from the subscript when clear from context. Many ag-
gregation procedures have been considered in the literature on judg-
ment aggregation, and they can be adapted to our setting. Notable
examples are quota rules, where agents change their opinion if the
number of people disagreeing with them is higher than a given quota,
such as the majority rule—cf. the class of threshold models studied
in the literature on opinion diffusion [26, 37]. Unanimity is another
instance of a quota rule, which we assume to be the aggregation func-
tion defining influence for the remainder of this paper:

Definition 6. The unanimous issue-by-issue aggregation procedure
is defined as follows:

FU
i (Bi,PC)(p) =


x ∈ {0, 1} if C 6= ∅ and

Pk(p) ∈ {x, ?} for all k ∈ C
Bi(p) otherwise

That is, an individual will change her tacit opinion about issue p if
and only if all agents in C (usually her influencers) that are express-
edly stating their opinion are unanimous in disagreeing with her own.

2.3 Strategic actions and state transitions
We begin by describing our strategic diffusion model under complete
information, introducing the central notion of state:

Definition 7. A state is a tuple S = (B,V ) where B is a profile of
tacit opinions and V is a profile of visibility functions. The set of all
states is denoted by S.

Observe that different states can correspond to the same profile of
expressed opinions.

In our model, agents can make their opinions visible (active) or
invisible (tacit) by specific actions of type reveal(J) — i.e., action
of showing the opinion on issues in J , and hide(J) — i.e., action of
hiding the opinion on issues in J . We allow for simultaneous disclo-
sure on multiple propositions. Let thus:

A = {(reveal(J), hide(J ′)) | J, J ′ ⊆ I and J ∩ J ′ = ∅}

be the set of individual actions. We will use this terminology in both
the complete and incomplete information models, keeping in mind
that when tacit opinions are common knowledge, making them visi-
ble is to be interpreted as “exercising one’s influence”.

Each joint action a = (a1, . . . , an) ∈ An induces a deterministic
transition function between states:

Definition 8. The transition function succ : S × An −→ S
associates to each state S and joint action a a new state S′ =
(B′,V ′) as follows, for all i ∈ N and p ∈ I. For ai =
(reveal(J), hide(J ′)) ∈ A:

• V ′i (p) =


1 if p ∈ J
0 if p ∈ J ′

Vi(p) otherwise
• B′i = FU

i (Bi,P
′
Inf (i))

Where P ′ is the expressed profile obtained from tacit profile B and
visibility profile V ′.

By a slight abuse of notation we denote with a(S)
the state succ(S,a) obtained from S and a by apply-
ing the transition function. We use the following abbre-
viations: skip = (reveal(∅), hide(∅)) for doing nothing,



reveal(J) = (reveal(J), hide(∅)), hide(J) = (reveal(∅), hide(J)),
and we drop curly parentheses in reveal({p}) and hide({p}). The
influence process thus occurs after the actions have changed the vis-
ibility of the agents’ opinions: i.e., first, actions affect the visibility
of opinions, and then each agent modifies her tacit opinion on the
basis of those opinions of her influencers that are now expressed.

The notion of history describes the temporal aspect of the agents’
opinion dynamic:

Definition 9. Given issues I, agents N , and aggregation proce-
dures Fi for i ∈ N over a network E, an history is an infinite se-
quence of states Hj and action profiles H = (H0,a0, H1,a1 . . .)
such that Ht+1 = at(Ht) for all t ∈ N. A partial history H≤t =
(H0,a0, H1,a1 . . .at−1, Ht) is a finite sequence of t ≥ 0 states
and actions of an history H .

We denote the set of all histories by H and the set of all partial
histories by H+. Observe that our definition restricts the set of all
possible histories to those that correspond to a run of the influence
dynamic of Definition 8. For notational convenience, for any i ∈ N
and for any t ∈ N, we denote withHB

i,t agent i’s tacit opinion in state
Ht and with HV

i,t agent i’s visibility in Ht.

2.4 State transitions under incomplete information
Under the assumption of incomplete information the tacit opinions
are not common knowledge among the agents, and the visibility
function defines naturally an indistinguishability relation between
states:

Definition 10. Given two states S and S′ and an agent i ∈ N we say
that they are indistinguishable for i, written S ∼i S

′ if the following
is the case:

1. (∀j ∈ N )(∀p ∈ I) : Vj(p) = V ′j (p);
2. (∀j ∈ N )(∀p ∈ I) : Vj(p) = 1 implies Bj(p) = B′j(p).

Intuitively, condition 1 states that an agent considers equivalent
two states where she can see the same opinions, while condition 2
affirms that in equivalent states all the visible opinions have to be
equivalent. The indistinguishability relation defined above is indeed
an equivalence relation, as per the following proposition.

Proposition 1. The relation∼i of def. 10 is an equivalence relation.

Given agent i ∈ N and state S, we let [S]i = {S′ | S ∼i S
′} be

the equivalence class of S for i. The set Si contains all the represen-
tative elements of the equivalence classes of states for agent i.

Example 2. Consider the example of the introduction. Let us denote
the four agents with capital letters A,B,C, J , and recall that the
decision was about one issue p: going to the cinema, denoted with
1, and going to an excursion, denoted with 0. Recall the influence
network of Figure 1 and that BB(p) = BJ(p) = 1 and BA(p) =
BC(p) = 0. If only Jesse and Cathy make their opinion visible, the
situation can be described in the following figure, which represents
the expressed opinions of the agents, with a dashed line whenever the
expressed opinion is equal to ? (hence not public).
In this example, the equivalence class of the initial state for Ann is:

[S0]A = {
(
(0, 1, 0, 1), (0, 0, 1, 1)

)
,
(
(0, 0, 0, 1), (0, 0, 1, 1)

)
}.

That is, the only uncertainty for Ann is Bob’s opinion, the second ele-
ment of the first vector of a state. The equivalence class of Jesse con-
tains instead four states, to take into account her uncertainty about

Ann (?) Bob (?)Cathy (0)

Jesse (1)

the opinions of both Ann and Bob.

[S0]J = {
(
(0, 1, 0, 1), (0, 0, 1, 1)

)
,
(
(1, 1, 0, 1), (0, 0, 1, 1)

)
,(

(0, 0, 0, 1), (0, 0, 1, 1)
)
,
(
(1, 0, 0, 1), (0, 0, 1, 1)

)
}.

The equivalence relation at the basis of our epistemic model is
defined from the assignment of values to a given set of variables con-
tained in the states, departing from a strand of literature that consid-
ers epistemic accessibility relations as the primary objects of actions,
and grounding these relations to the notion of states [45, 28].

The following example shows that each joint action reduces un-
certainty for an agent:

Example 3. Let us continue the discussion in Example 2. Assume
that Ann discloses at the first step her opinion. Therefore, the profile
of actions is a = (reveal(p), skip, skip, skip). The successor of any
state in Ann’s equivalence class, as well as in Jesse’s equivalence
class is

(
(0, 0, 0, 1), (1, 0, 1, 1)

)
. After Ann has disclosed her opin-

ion publicly, both Ann and Jesse know that Bob will have updated his
opinion to the one of Ann. Hence, even if Bob still does not disclose
his opinion, there is no uncertainty for both Ann and Jesse that this
is equal to 0.

We now define a notion of indistinguishability on partial histories
to be able to model the perfect-recall of an agent:

Definition 11. Let H and H ′ be two histories, i ∈ N an agent
and t, t′ ∈ N. We say that two partial histories H≤t and H ′≤t′ are
indistinguishable for agent i if:

• t = t′,
• for all 0 ≤ k ≤ t we have that Hk ∼i H

′
k,

• for all 0 ≤ k ≤ t we have that ak = a′k.

In such case we denote (H≤t) ∼H
i (H ′≤t′).

Intuitively, two histories are indistinguishable for an agent i if they
are generated by the same set of actions and generate states that are
indistinguishable for agent i.

Observe that our notion of indistinguishability relation for partial
histories is in line with formal semantics for temporal epistemic logic
with perfect memory of the past (see, e.g., [44]).

2.5 Individual goals
By revealing or hiding her opinion, an agent influences others to-

wards the satisfaction of her goal. To account for the temporal aspect
of our model, we follow the work on iterated boolean games [27] and
we define a language LLTL–I to express individual goals using Linear
Temporal Logic LTL.

Let therefore LLTL–I be defined as follows:

ϕ ::= op(i, p) | vis(i, p) | ¬ϕ | ϕ ∧ ϕ | ©ϕ | ϕUϕ

where i ranges over N and p ranges over I. We read op(i, p) as
“agent i’s opinion is that p is true”, while ¬op(i, p) reads “agent



i’s opinion is that p is not true” (as agents have binary opinions).
Moreover, vis(i, p) reads “agent i’s opinion about p is visible”.

The reading of©ϕ is “ϕ is going to be true at the next state” and
of ϕ1Uϕ2 is “ϕ1 will be true until ϕ2 is true”: they are the standard
LTL operators ‘next’ and ‘until’. As usual, we can define the tempo-
ral operators ‘eventually’ (3) and ‘henceforth’ (2) as 3ϕ = >Uϕ
and 2ϕ = ¬3¬ϕ.

The interpretation of LLTL–I-formulas relative to histories is de-
fined as follows.

Definition 12. Let H be a history, ϕ a formula of LLTL–I and
k, k′, k′′ ∈ N. Then:

H≤k |= op(i, p) ⇔ HB
i,k(p) = 1

H≤k |= vis(i, p) ⇔ HV
i,k(p) = 1

H≤k |= ¬ϕ ⇔ H≤k 6|= ϕ

H≤k |= ϕ1 ∧ ϕ2 ⇔ H≤k |= ϕ1 and H≤k |= ϕ2

H≤k |=©ϕ ⇔ H≤k+1 |= ϕ

H≤k |= ϕ1Uϕ2 ⇔ ∃k′ : (k ≤ k′ and H≤k′ |= ϕ2 and

∀k′′ : if k ≤ k′′ < k′ then H≤k′′ |= ϕ1)

3 Games of influence
We are now ready to combine all concepts introduced in the previous
sections to give the definition of an influence game:

Definition 13. An influence game is a tuple IG =
(N , I, E, Fi, S0, γ1, . . . , γn) where N , I, E and S0 are, re-
spectively, a set of agents, a set of issues, an influence network, and
an initial state, Fi for i ∈ N is an aggregation procedure, and γi is
agent i’s goal formula.

Given an influence game, our agents will build their strategies in
order to attain their goals. We first introduce two kinds of strate-
gies available to agents, namely memory-less and perfect-recall uni-
form strategies, making sure that the epistemic accessibility relation
is taken into consideration. All definitions are given under the more
general assumption of imperfect information.

3.1 Strategies
The first type of strategies to be considered are memory-less, i.e. they
only depend on the equivalence class of the current state:

Definition 14. A memory-less uniform strategy for player i is a func-
tion Qi : S → A such thatQi(S) = Qi(S

′) if S ∼i S
′, associating

an action to every equivalence class of states for agent i.

A strategy profile is a tuple Q = (Q1, . . . ,Qn). For notational
convenience, we also use Q to denote the function Q : S −→ An

such that for all S ∈ S we have Q(S) = a if and only if Qi(S) =
ai, for all i ∈ N . The second definition we provide is the full-blown
notion of perfect-recall uniform strategy, which assigns an action to
each equivalence class of partial histories observed by the player.

Definition 15. We call a perfect-recall strategy for player i a func-
tion Qi : H+ → A such that Qi(H

′) = Qi(H
′′) for partial his-

tories H ′ and H ′′ if H ′ ∼H
i H ′′, that associates an action to every

equivalence class of finite partial histories for agent i.

As the following definition highlights, every strategy profile (of ei-
ther type) induces a different set of possible histories for each agent,
when combined with an initial state.

Definition 16. Let S0 be an initial state and let Q be a memory-less
uniform strategy profile. The induced history HS0,Q ∈ H is defined
as follows:

HS0,Q
0 = S0

HS0,Q
n+1 = succ(S,Q(HS0,Q

n ))

For uniform perfect-recall strategies, the condition is the following:

HS0,Q
0 = S0

HS0,Q
n+1 = succ(S,Q(HS0,Q

0 , a0, . . . , H
S0,Q
n ))

where the successor function succ is as defined in Section 2.3.

The two definitions let us differentiate between more or less so-
phisticated agents.

3.2 Solution concepts
The first solution concept we study is that of winning strategy. Intu-
itively, Qi is a winning strategy for player i if and only if i knows
that, by playing this strategy, she will achieve her goal no matter
what the other players do. In this respect, we consider the winning
condition from the subjective point of view of an agent.

Definition 17. Let IG be an influence game, S0 its initial state, and
Qi a strategy for player i. We say that Qi is a subjective winning
strategy for player i in state S0 if for all profiles Q−i of strategies of
players other than i, and for all states S such that S ∼i S0, we have
that HS,Q |= γi.

In words, Qi is a subjective winning strategy if, starting from any
state indistinguishable in i’s perspective from S0, combining it with
any profile of strategies by the other players leads to a history that
verifies the goal of i. The definition applies to both memory-less and
perfect-recall strategies.

We distinguish subjective winning strategy of Definition 17 from
objective winning strategy: Qi is an objective winning strategy for
player i in state S0 if for all profiles Q−i of strategies of players
other than i, we have thatHS0,Q |= γi. Clearly, a subjective winning
strategy is also objective since ∼i is an equivalence relation.

A subjective winning strategy corresponds to the notion of power
studied by sociologists [9, 13] according to which, for an agent to
have the power of achieving γi, she must have have both the objective
capability to achieve γi and the knowledge about her capability (see
[29, 32] for a formalization of this concept of power in a logic of
actions.)

Example 4. In our running example, we represent with a boolean
variable p the options at stake: op(J, p) is true if the tacit opinion of
Jesse is to go to the cinema, and false if she would rather go to the
excursion. Let us start from when only Cathy revealed her opinion
H0 =

(
(0, 1, 0, 1), (0, 0, 1, 0)

)
, and assume that the goal of Ann is

γA = 32¬op(J, p). That is, Ann wants to influence Jesse so that
eventually her tacit opinion will be to go to the excursion. There are
four possible states for Ann, since the tacit opinion of Bob and Jesse
has not been revealed. However, in any history starting from each
of these initial states, if Ann plays reveal(p) then eventually a state
in which ¬op(J, p) is reached. Therefore, playing reveal(p) in the
equivalence class of state H0 and skip otherwise is a memory-less
subjective winning strategy for Ann.

The concept of winning strategy is rather strong for our setting.
Let us then define the less demanding notion of weak dominance:



Definition 18. Let IG be an influence game and Qi a strategy for
player i. We say that Qi is a subjective weakly dominant strategy
for player i and initial state S0 if and only if for all profiles Q−i of
strategies of players other than i, for all strategies Q ′i for player i,
and for all states S ∼i S0, we have that

HS,(Q′i,Q−i) |= γi ⇒ HS,(Qi,Q−i) |= γi.

In words,Qi is a subjective weakly dominant strategy, if it gives at
least the same result as any other strategy Q′i in all possible profiles
and induced histories.

As we did for winning strategy, we distinguish subjective weak
dominance from objective. In particular, we say that Qi is an objec-
tive weakly dominant strategy for player i and initial state S0 if and
only if for all profiles Q−i of strategies of players other than i, for
all strategies Q ′i for player i, we have that HS0,(Q

′
i,Q−i) |= γi ⇒

HS0,(Qi,Q−i) |= γi.

Example 5. Let us now revisit our running example and assume a
different initial state in which no agent reveals anything. We are thus
in stateH0 =

(
(0, 1, 0, 1)(0, 0, 0, 0)

)
. There are eight indistinguish-

able states for Ann, since all other opinions are not visible. In partic-
ular, without knowing the tacit opinion of Cathy, Ann cannot know if
she can influence Jesse to go to the excursion: this is possible if also
Cathy wants to go to the excursion, or if she wants to the cinema but
does not disclose it. Otherwise, Jesse might still stick to her initial
opinion since her influencers would not be unanimous. Still, if Ann’s
goal is γA = 32¬op(J, p), the action of revealing her opinion in
any indistinguishable initial state (and do nothing afterwards) is a
subjective weakly dominant strategy for Ann: if her goal is satisfied
in a possible history, then it is also satisfied by playing the reveal(p)
action in the initial state.

Finally, we introduce the concept of Nash equilibrium for influ-
ence games:

Definition 19. Let IG be an influence game and let Q be a strategy
profile. Agent i has a subjective profitable deviationQ′i at initial state
S0 if for all states S ∼i S0 we have

HS,(Q′i,Q−i) |= γi and HS,(Qi,Q−i) 6|= γi.

We say that Q is a subjective Nash equilibrium for initial state S0 if
and only no agent has a profitable deviation at S0.

In words, in a subjective Nash equilibrium no agent wants to uni-
laterally deviate from the chosen strategy. Note that we are making
a further assumption here, i.e., that a deviation is profitable only if it
leads to the satisfaction of the agent’s goal in all states indistinguish-
able from the initial one. This corresponds to a qualitative variant of
the notion of Bayesian Nash equilibrium (BNE): a similar qualita-
tive variant of BNE is studied by Amor et al. [3] in the context of
possibility theory.

We say that agent i has an objective profitable deviation at initial
state S0 if we have that HS0,(Q

′
i,Q−i) |= γi and HS0,(Qi,Q−i) 6|=

γi. The concept of objective Nash equilibrium is defined in the usual
way from the concept of objective profitable deviation.

3.3 Results
We begin by showing that joint observable actions in the imperfect
information model can only reduce the uncertainty of the agents.

Proposition 2. For history H , agent i and t ≥ 0, we have that
|[Ht+1]i| ≤ |[Ht]i|.

The following result is a corollary of the previous proof, and shows
the importance of the complete information model:

Proposition 3. Let H be a history. If for each agent i ∈ N and
issue p ∈ I there is a time t ≥ 0 such that at,i = reveal(p), then
there is a time T ≥ 0 such that |[HT ]i| = 1 for all i (i.e., complete
information is reached).

4 Computational complexity and solution concepts
In this section we analyze the computational complexity of reasoning
about solution concepts of influence games. In particular, for x ∈
{subjective, objective}, we study the problems:

• E-WINNINGx
i (F ): for IG and i ∈ N , is there a xwinning strat-

egy Qi for agent i in IG?
• M-NASHx(F ): for IG and Q, is Q a x Nash equilibrium of IG?
• E-NASHx(F ): for IG, is there an x Nash equilibrium Q of IG?
• U-NASHx(F ): for IG, is there a unique x Nash equilibrium Q

of IG?

We will draw comparisons (reductions) to well-known logical for-
malisms, such as ATL, LTL, and graded strategy logic. The results
presented in this section show upper bounds on the main strategic
reasoning tasks associated to influence games: deciding if a game
admits a winning strategy or a unique Nash equilibrium, and test-
ing if a given profile of strategies is a Nash equilibrium. We will
consider three complexity classes: PSPACE, the class of problems
solvable by a Turing machine in polynomial space, 2-EXPTIME and
3-EXPTIME, the class of problems solvable in time that is doubly
(triply, respectively) exponential in the size of the input.7

4.1 Existence of winning strategy
Recall the syntax and semantics of Alternating-time Temporal Logic
ATL [1]. The language of ATL is defined by the following BNF:

ϕ ::= q | ¬ϕ | ϕ ∧ ϕ | 〈〈C〉〉© ϕ | 〈〈C〉〉(ϕUϕ)

where C ranges over 2N and q ranges over a set of atomic propo-
sitions Atm. The formula 〈〈C〉〉 © ϕ is read “coalition C has the
capability to ensure that ϕ is going to be true in the next state re-
gardless of what the agents outside C decide to do”, and the formula
〈〈C〉〉(ϕ1Uϕ2) is read “coalition C has the capability to ensure that
ϕ1 will be true until ϕ2 is true, regardless of what the agents outside
C decide to do”. We here consider the standard ATL semantics in
terms of concurrent game structures.

In ATL, a strategy for player i is a function fi that maps every
finite sequence of worlds π = w0 . . . wn in W+ (i.e., a path) to a
move fi(π) ∈ R(i, wn) available to agent i at the end of path π.8

A strategy for coalition C is a function GC that maps every agent
i ∈ C to a strategy GC(i) for i. The set of strategies for coalition C
is denoted by StrC .

7 For a general reference on complexity theory see, e.g., [4].
8 Observe that ATL does not distinguish a semantics based on perfect-recall

strategies from a semantics based on memory-less strategies, i.e., a function
mapping a world to the set of moves available in this world. Specifically, the
set of ATL validities with a semantics based on perfect-recall strategies and
the set of ATL validities with a semantics based on memory-less strategies
are the same.



We obtain the following upper bound by suitably encoding in ATL
the problem of checking the existence of an objective winning strat-
egy for perfect-recall strategies and for the unanimous aggregation
under complete information.

Proposition 4. Let x = subjective. Then, E-WINNINGx
i (F

U
i ) for

perfect-recall strategies is in EXPTIME.

4.2 Nash membership and LTL satisfaction
In this section we study the computational complexity of Nash mem-
bership, for memory-less strategies only.

We begin by translating a memory-less strategy in the language
of LTL–I defined in Section 2.5. A conjunction of literals α(S) can
be defined to uniquely identify a state S: α(S) will specify the tacit
opinion of all individuals and their visibility function. For an action
a = (reveal(J), hide(J ′)), let βi(a) be the following formula:

βi(a) =
∧
p∈J

©vis(i, p) ∧
∧
q∈J′
©¬vis(i, q).

In case a = skip we let βi(a) = >. Given a memory-less strat-
egy Qi, we construct the following formula:

τi(Qi) =
∧
S∈S

α(S)→ βi(Qi(S)).

If Q is a strategy profile, let τ(Q) =
∧

i∈N τi(Qi). We now need to
encode the unanimous aggregation function into a formula as well.

We show that it is possible to encode the computation of the unan-
imous aggregation procedure in a formula unan(i, p). Let now:

τ(FU
i ) =

∧
{i∈N|Inf (i)6=∅}

∧
p∈I

(unan(i, p) ∧ unan(i,¬p))

be the formula encoding the transition process defined by the opinion
diffusion. τ(FU

i ) is polynomial in both the number of individuals
and the number of issues — in the worst case it is quadratic in the
number of agents and linear in the number of issues. With such an
encoding we are able to prove the following:

Proposition 5. Let x = {objective, subjective}. M-NASHx(FU
i )

for memory-less strategies is in PSPACE.

Proposition 5 can easily be generalized to all aggregation proce-
dures that can be axiomatized by means of polynomially many LTL–I
formulas, such as quota rules. This is not the case for all aggregation
procedures: the majority rule would for instance require an exponen-
tial number of formulas, one for each subset of influencers forming a
relative majority, against the constraint of using polynomial space.

4.3 Nash existence and uniqueness
Strategy logic SL is a logic of strategic reasoning that embeds ATL
[33], but it allows to quantify over strategies in a more flexible way.
The flexibility of SL is mainly due to the fact that it has variables
for strategies that are associated to specific agents with a binding
operator. An extension of SL by graded quantifiers over tuples of
strategy variables has also been presented [2]. We here focus on this
SL extension, denoted by G− SL, whose language is defined by the
following BNF:

ϕ ::= q | ¬ϕ | ϕ ∧ ϕ | ©ϕ | ϕUϕ | 〈〈x1, . . . , x`〉〉≥kϕ |
[i 7→ x]ϕ

where q ranges over Atm, i ranges over N , k and ` range over the
set of positive integers, x1, . . . , x` range over a countable infinite set
of variables Var with the additional constraint that xh 6= xh′ for
all 1 ≤ h, h′ ≤ ` such that h 6= h′. We read 〈〈x1, . . . , x`〉〉≥kϕ
as “there exist at least k different `-tuples of strategies ensuring ϕ”
while [i 7→ x]ϕ is read “if agent i selects strategy x then ϕ will
hold”. Formulas©ϕ and ϕ1Uϕ2 have the same reading as in LTL.
Moreover, the basic SL operator 〈〈x〉〉 abbreviates 〈〈x〉〉≥1 in G− SL.

As ATL, SL semantics is based on concurrent game structures.
Therefore, by suitably encoding the problem of existence and unique-
ness of Nash equilibria in influence games we are able to provide the
following upper bound:

Proposition 6. Let x = objective. Problems E-NASHx(FU
i ) and

U-NASHx(FU
i ) for perfect-recall strategies are both in 3EXP-

TIME.

Note that existence and uniqueness of Nash equilibria have been
proved to be in 2EXPTIME in the context of iterated boolean games
[27]. We believe that the discrepancy between these results and
Proposition 6 is due to the different representations of strategies we
use. Our perfect-recall strategies may not have a finite representation,
while in the setting of iterated boolean games strategies are determin-
istic finite state machines which have a finite representation.

5 Conclusions and future work
We have presented here two models of opinion diffusion on a net-
work, where the agents try to achieve their individual goals by de-
ciding to enforce (or not) their opinions over the agents they can
influence. The difference in the two models lies in what is common
knowledge for the agents: both their tacit and expressed opinions in
the first case, and just their expressed opinions in the second. In or-
der to model the strategic dynamics of agents over such networks
we introduced influence games. From a game-theoretical perspec-
tive, agents are greatly empowered by the basic action of deciding
whether to enforce their opinion, as shown by our previous results
on the interplay between goals, network structure and solution con-
cepts [23].

From a computational complexity point of view, we found that for
memory-less strategies checking whether a given strategy profile is
a Nash equilibrium is in PSPACE, for both the complete and the in-
complete information model, as it is the model-checking problem of
LTL in which individual goals are expressed. On the other hand, for
perfect-recall strategies and complete information the problems of
checking existence of a winning strategy is in EXPTIME, while ex-
istence and uniqueness of Nash equilibrium are both in 3EXPTIME.

An obvious extension of this work would be to endow agents with
additional strategic actions, e.g., lying about their tacit opinions, in
line with the work by Christoff and Hansen [15]. Secondly, changing
the aggregation procedures used to update agents’ opinions would
have a great impact on the game-theoretic structures of our setting,
as well as on the computational complexity of reasoning on solution
concepts.

REFERENCES
[1] R. Alur, T. A. Henzinger, and O. Kupferman, ‘Alternating-time tempo-

ral logic’, Journal of the ACM, 49(5), 672–713, (2002).
[2] B. Aminof, V. Malvone, A. Murano, and S. Rubin, ‘Graded strategy

logic: Reasoning about uniqueness of nash equilibria’, in Proceedings
of the 15th International Joint Conference on Agents and Multiagent
Systems (AAMAS-2016), (2016).



[3] N. Ben Amor, H. Fargier, R. Sabbadin, and M. Trabelsi, ‘Possibilis-
tic games with incomplete information’, in Proceedings of the 28th
International Joint Conference on Artificial Intelligence (IJCAI-2019),
(2019).

[4] S. Arora and B. Barak, Computational Complexity: A Modern Ap-
proach, Cambridge University Press, 2009.

[5] S. E. Asch, ‘Studies of independence and conformity: a minority of
one against a unanimous majority’, Psychological Monographs, 70(9),
(1956).

[6] G. Attanasi, A. Hopfensitz, E. Lorini, and F. Moisan, ‘Social connected-
ness improves co-ordination on individually costly, efficient outcomes’,
European Economic Review, 90, 86–106, (2016).

[7] A. Baltag, Z. Christoff, J. U. Hansen, and S. Smets, ‘Logical models of
informational cascades’, Studies in Logic, 47, 405–432, (2013).

[8] A. Bandura, Social foundations of thought and action: A social cogni-
tive theory, Englewood Cliffs, 1986.

[9] B. Barnes, The Nature of Power, Polity Press, 1988.
[10] F. Belardinelli, U. Grandi, A. Herzig, D. Longin, E. Lorini, A. Novaro,

and L. Perrussel, ‘Relaxing exclusive control in boolean games’, in Pro-
ceedings of the 16th conference on Theoretical Aspects of Rationality
and Knowledge (TARK-2017), (2017).

[11] S. Botan, U. Grandi, and L. Perrussel, ‘Multi-issue opinion diffu-
sion under constraints’, in Proceedings of the 18th International Joint
Conference on Autonomous Agents and Multiagent Systems (AAMAS-
2019), (2019).

[12] M. Brill, E. Elkind, U. Endriss, and U. Grandi, ‘Pairwise diffusion of
preference rankings in social networks’, in Proceedings of the 25th In-
ternational Joint Conference on Artificial Intelligence (IJCAI-2016),
(2016).

[13] C. Castelfranchi, ‘The micro-macro constitution of power’, Protosoci-
ology, (18), 208–265, (2003).

[14] R. Christian, M. Fellows, F. Rosamond, and A. Slinko, ‘On complexity
of lobbying in multiple referenda’, Review of Economic Design, 11(3),
217–224, (2007).

[15] Z. Christoff and J. U. Hansen, ‘A logic for diffusion in social networks’,
Journal of Applied Logic, 13(1), 48 – 77, (2015).

[16] Z. Christoff, J. U. Hansen, and C. Proietti, ‘Reflecting on social in-
fluence in networks’, in Proceedings of the Information Dynamics in
Artificial Societies Workshop (IDAS-2014), (2014).

[17] M. H. de Groot, ‘Reaching a consensus’, Journal of the American Sta-
tistical Association, 69(345), 118–121, (1974).

[18] E. Dimant, ‘Contagion of pro- and anti-social behavior among peers
and the role of social proximity’, Journal of Economic Psychology, 73,
66–88, (2019).

[19] C. A. Ellwood, ‘The theory of imitation in social psychology’, Ameri-
can Journal of Sociology, 6(6), 721–741, (1901).

[20] L. Festinger, ‘Informal social communication’, Psychological Review,
57(5), 271–282, (1950).

[21] S. Ghosh and F. R. Velázquez-Quesada, ‘Agreeing to agree: Reaching
unanimity via preference dynamics based on reliable agents’, in Pro-
ceedings of the 14th International Joint Conference on Autonomous
Agents and Multiagent Systems (AAMAS-2015), (2015).

[22] U. Grandi and U. Endriss, ‘Binary aggregation with integrity con-
straints’, in Proceedings of the 22nd International Joint Conference on
Artificial Intelligence (IJCAI-2011), (2011).

[23] U. Grandi, E. Lorini, A. Novaro, and L. Perrussel, ‘Strategic disclosure
of opinions on a social network’, in Proceedings of the 16th Interna-
tional Joint Conference on Autonomous Agents and Multiagent Systems
(AAMAS-2017), (2017).

[24] U. Grandi, E. Lorini, and L. Perrussel, ‘Propositional opinion diffu-
sion’, in Proceedings of the 14th International Joint Conference on Au-
tonomous Agents and Multiagent Systems (AAMAS-2015), (2015).

[25] M. Granovetter, ‘The strength of weak ties’, American Journal of Soci-
ology, 78(6), 1360–1380, (1973).

[26] M. Granovetter, ‘Threshold models of collective behavior’, American
Journal of Sociology, 83(6), 1420–1443, (1978).

[27] J. Gutierrez, P. Harrenstein, and M. Wooldridge, ‘Iterated boolean
games’, Information and Computation, 242, 53–79, (2015).

[28] A. Herzig, E. Lorini, and F. Maffre, ‘A poor man’s epistemic logic based
on propositional assignment and higher-order observation’, in Proceed-
ings of the 4th International Workshop on Logic, Rationality, and Inter-
action (LORI-2015), (2015).

[29] A. Herzig and N. Troquard, ‘Knowing how to play: uniform choices in
logics of agency’, in Proceedings of the 5th International Joint Confer-

ence on Autonomous Agents and Multiagent Systems (AAMAS-2006),
(2006).
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